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We calculate energy and momentum of a spherically symmetric dilaton frame using the 
gravitational energy-momentum 3-form within the tetrad formulation of general relativity 
(GR). The frame we use is characterized by an arbitrary function T with the help of which all 
the previously found solutions can be reproduced. We show how the effect of inertia (which is 
mainly reproduced from T ) makes the total energy and momentum always different from the 
well known result when we use the Riemannian connection Y a ". On the other hand, when 
use is made of the covariant formulation of teleparallel gravity, which implies to take into 
| account the pure gauge connection, teleparallel gravity always yields the physically relevant 
q ; result for the energy and momentum. 

in 
o 



X 



§1. Introduction 



Our perspective and understanding of the universe have changed due to the new discoveries 
of the last decades. The discovery of the dark matter and the dark energy have opened new 
important questions about the nature of the matter in Cosmos. One of the accepted models 
to describe the nature of the dark energy is a scalar field model [Ij. The dilaton is a scalar 
field occurring in the low energy limit of the theory where the Einstein action is supplemented 
by fields such as the axion, gauge fields and dilaton coupling in a nontrivial way to the other 
fields. Exact solutions for charged dilaton black holes in which the dilaton is coupled to the 
Maxwell field have been constructed by many authors. It is found that the presence of dilaton 
has important consequences on the causal structure and the thermodynamic properties of 
the black hole [2]~[10j. Thus much interest has been focused on the study of the dilaton 
black holes. 



* Keywords: gravitation, teleparallel gravity, energy- momentum, Weitzenbock connection, regularized 
teleparallel gravity 
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Attempts at identifying an energy-momentum density for gravity has led to various energy 
momentum complexes which are pseudotensors [11]. Pseudotensors are not covariant objects 
i.e., they inherently depend on the reference frame, and thus cannot provide a true physical 
local gravitational energy-momentum density. Hence the pseudotensor approach has been 
largely abandoned (cf. [32]). 

It is well known that teleparallel gravity theory allows a separation between gravitation 
and inertia [13J. Therefore, it turns out possible in this theory to write down a tensorial 
expression for the gravitational energy- momentum density [14] . Computation of the total 
energy of Schwarzschild and Kerr spacetimes using a regularized teleparallelism is given in 
|15j . Obukhov et al. [IS] computed the energy and momentum transported by exact plane 
gravitational- wave solutions of Einstein equations using the teleparallel equivalent of general 
relativity (TEGR). 

The aim of the present work is to calculate the energy and momentum of a general spher- 
ically symmetric dilaton frame with local Lorentz transformations containing an arbitrary 
function T which preserve spherical symmetry. Also we will show how inertia of energy and 
momentum are related to a pure gauge (Weitzenbock) connection r^^. In §2, we use the 
language of exterior forms to give an outline of the teleparallel approach. A brief review is 
given of the covariant formalism for the gravitational energy-momentum which is described 
by the pair ($ a , T a ^). In §3, we show by explicit calculations that due to an inconvenient 
choice of a reference frame, the traditional computation of the total energy and spatial mo- 
mentum of the spherically symmetric dilaton solution are unphysical! Using the covariant 
formalism, we show that the Weitzenbock connection acts as a regularizing tool that sepa- 
rates the inertial contribution and always provides a physical meaningful result. The final 
section is devoted for main results and discussion. 

Notation 

We use the Latin indices i,j,- ■ ■ for local holonomic spacetime coordinates and the Greek 
indices a, /3, ■ ■ ■ label (co)frame components. Particular frame components are denoted by 
hats, 0,1, etc. As usual, the exterior product is denoted by A, while the interior product of a 
vector £ and a p-form \1/ is denoted by £J ^f. The vector basis dual to the frame 1-forms d a is 
denoted by e a and they satisfy e Q Ji9^ = 5@. Using local coordinates x\ we have $ a = hfdx 1 
and e a = h l a di where hf and h l a are the covariant and contravariant components of the tetrad 

field. We define the volume 4- form by rj d = $® A A A i?^. Furthermore, with the help of 
the interior product, we define 

Va d = e a \r]= i e a ^ s A $ 7 A 
where e a/ 3 7< 5 is completely antisymmetric with e i23 = 1- Furthermore, 

d = en\7] a = ^e a/3l s ft 1 A $ 5 , T] aM d = e 7 J?7^ = ^e a ^ s $ S , 

which are bases for 3-, 2- and 1-forms respectively. Finally, 

Vappv d = e u \r] a/3fl = e u \e fl \e/ 3 \e a \rj, 
*We will use the same notation given in Ref. |15j . 
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is the Levi-Civita tensor density. The 77-forms satisfy the useful identities: 



The line element ds 2 d = g a ^ a ® ^ is defined by the spacetime metric g a p. 



§2. Berif review of teleparallel gravity 

Teleparallel geometry can be viewed as a gauge theory of translation [T7]~[23]. The 
coframe d a plays the role of the gauge translational potential of the gravitational field. GR 
can be reformulated as the teleparallel theory. Geometrically, teleparallel gravity can be 
considered as a special case of the metric-affine gravity in which d a and the local Lorentz 
connection are subject to the distant parallelism constraint Rj 3 = [2l]~[33]. In this 
geometry the torsion 2-form 

T a = Dd a = d# a + IV A & = -T^W Af = -T ij a dx i A dx\ (2) 

arises as the gravitational gauge field strength, T a ^ being the Weitzenbock 1-form connection, 
d is the exterior derivative and D is the exterior covariant derivative. The torsion T a can be 
decomposed into three irreducible pieces [T5], the tensor part, the trace and the axial trace 
given respectively by 

(1) rpa dof. rpa _ (2)rpa _ (3) jiq with 

(2) T a def. ^ ^ where T = (e^jT^) , e a \T = , vector of trace of torsion 

(3) T a dcf. I e Q jP, with P = A 7>) , e a \P = T^ u \ uXa , axial of trace of torsion. 

(3) 

The Lagrangian of the teleparallel equivalent of GR has the form 

V = —-^—T a A* f«T Q - 2^T a - ±®T a ) , (4) 

k = 8nG/c 3 , G is the Newton gravitational constant, c is the speed of light and * denotes 
the Hodge duality in the metric g a p which is assumed to be flat Minkowski metric g a p = 
o a /3 = diag(+l, —1, —1, —1), that is used to raise and lower local frame (Greek) indices. 

The variation of the total action with respect to the coframe gives the field equations in 
the form 

n u tp sp u v def • vLmattter i-\ 

DH a — E a — E a , where S a = — — — , (5) 
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is the canonical energy-momentum tensor 3-form of matter which is considered to be the 
source. In accordance with the general Lagrange- Noether scheme [201 ES], one derives from 
(4) the translational momentum 2-form and the canonical energy-momentum 3-form of the 
gravitational field: 

H a d = L ( (1) T a ~ 2< 8 >T - l fT a ) , (6) 

E a ^ — = e a \V+(e a \TP)AH p . (7) 
Due to geometric identities [35], the Lagrangian (4) can be recast as 

V = -^T a AH a . (8) 

The presence of the connection field ToP plays an important regularizing role due to the 
following: 

(i) : The theory becomes explicitly covariant under local Lorentz transformations of the 
coframe, i.e., the Lagrangian (4) is invariant under the change of variables 

d' a = AV' 9 , r'/ = A\r/(A-y, - (A~y 7 dA\. (9) 

Due to the non-covariant transformation law of T a ^ see Eq. (9), if a connection vanishes in 
a given frame, it will not vanish in any other frame related to the first by a local Lorentz 
transformation. 

(ii) : Tj 3 plays an important role in the teleparallel framework. This role represents the 
inertial effects which arise from the choice of the reference system [13] . The contributions of 
this inertial object in many cases lead to unphysical results for the total energy of the system. 
Therefore, the role of the teleparallel connection, is to separate the inertial contribution from 
the truly gravitational one. Since the teleparallel curvature is zero, the connection is a pure 
gauge, that is 

Tj = (A~y 7 dAV (10) 

The Weitzenbock connection always has the form (10). The translational momentum has 
the form 



H a = ^T^A Va s„ rJ d M-fJ-Kj, (11) 



Ik 

with is the purely Riemannian connection and K^ v is the contortion 1-form which is 
related to the torsion through 

T a = K a 8 A^. (12) 
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§3. Total energy of spherically symmetric dilaton spacetime 



In this section, we are going to show how the Weitzenbock connection Tj 3 acts as an 
inertial object and contributes to the physical quantities like energy, momentum etc., when 
it is trivial. On the other hand, when this connection is non trivial, we show how it separates 
the inertia from the other physical quantities. We will show this by studying a spherically 
symmetric spacetime which contains an arbitrary function T which preserve spherical sym- 
metry and reproduce all the previous solutions. This study is carried out for the spherically 
symmetric cases only. 

Using the spherical local coordinates (t,r,9,<p), the spherically symmetric dilaton is de- 
scribed by the coframe components: 



where the coframe $ s has the form 

tf s = a^cdt, $ l = adr, ti? = r pd9, s = r p sm9 



(13) 



where 



a 



1 - 



2m 



P 



1- 



g2g-2</>() 



(14) 



r / V mr 

where m, q and 0o are the mass, the charge and the asymptotic value of the dilaton, respec- 
tively. The matrices Ai a 7 and A2 7 ,5 are the local Lorentz transformations that are defined 
respectively as 

(\ \ 



Ai c 



def. 



sin 9 cos cos 9 cos — sin </ 
sin 9 sin cos 9 sin cos0 
VO cos9 -sin# / 



(15) 



A- 7 



dcf. 



2 5 



I Pi p 2 sin 9 cos p 2 sin 9 sin (3 2 cos 9 \ 

— p2 sin 9 cos 1 + Ps sin 2 9 cos 2 P3 sin 2 9 sin cos /3 3 sin 9 cos 9 cos 

— P2 sin 6 1 sin /3 3 sin 2 # sin cos 1 + /3 3 sin 2 # sin 2 /3 3 sin 9 cos # sin 

V — P 2 cos9 /3 3 sin # cos # cos P 3 sin 9 cos 6* sin l + /3 3 cos 2 # / 
mtt /3i = 1 + Ve 2T + 1 - V2, 

Ps = Pi- 1, 



P 2 = ^3 + 2v / i 2T TT (l - v^) + e 2T - 2V% 



(16) 



where T = T(r) is an arbitrary function. It can be shown that T(r) can reproduce the 
previous arbitrary function H(r) studied in ([36], Eq. (16)) through the relatior£] 



T(r) = In \ 2JH 2 (r) + 1(V2 - 1) + H 2 (r) + 3 - 2^2 . 



(17) 



*Whcn H(r) = 0, Eq. (17) gives T = and Eq. (16) gives the identity matrix which will be identical with 
Eq. (3-7) in [35], Eq. (16) in Ref. [37] and Eq. (13) in [35] when we used the proper Lorentz transformation. 
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The metric tensor g^- d =' o^ u h^ih u j associated with the tetrad field (13) has the form 
1 



ds 4 



dt z - a 2 dr 2 - r 2 /3 2 dQ 2 , with dQ z = d9 z + sin 2 



a- 



which is dilaton spacetime derived in [3]. 

From Eq. (17) all the previous spherically symmetric solution can be obtained [38]. If 
we take tetrad (13), as well as the trivial Weitzenbock connection Y a p = and substitute 
into (11), we finally get 



sin 9 fir { ( j3'r + fi \ 

cos 4> sin 9 cos 9 sin 4> + cos 2 <f> sin 2 9 + cos 9 sin + 2 1 ] /5 3 



8tt 



a 



(18) 



If we compute the total energy at a fixed time in the 3-space with a spatial 2-dimensional 
boundary surface dS = {r = R, 9, 0}, we obtain 



E 



2R/3 



ds 



a 



(19) 



Using Eq. (19) we discuss the following cases: 

(i) When T(i?) = 0, then Eq. (16) gives fii = 1, /3 2 = and /3 3 = 0. In this case the energy 
takes the form up to O (jj) 

which is consistent with the previous result ([39J, Eq (45)). In this case the local Lorentz 
transformation given by Eq. (16) will be identical with the Kronecker delta, i.e., 5p = 
diag(+l, +1,+1,+1). 

(ii) When T(R) = we get 

v R 



~ dV2R a 2 dq 2 e- 2 ^ + 3ci q 2 e- 2(f)0 - m 2 q^e'^ / 1 \ . , 

E = -— + m -2V2 + 3mm M Mi +0 {R^>- (21) 

which is a divergent one. It is clear from Eq. (21) how the inertia C\ contributes the physical 
quantities. 

(iii) When T(_R) = — ^, then the energy takes the form 
R 

E = m - — + wi +0 b)' (22) 
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which is not divergent but not consistence with the previous results ([2H], Eq. (72)). If we 
continue in this manner, i.e., T(R) = , or T(R) = — , we can show that the inertia will 

continue in its contribution to the physical quantities up to order O (j^) ■ 



(iv) When T{R) 



Cl 
R 5/2 



the form of energy will be the same as given by Eq. (20). 



To overcome the above problems (divergent or contribution of inertia to physical quan- 
tities) we are going to use the regularization framework which is based on the covariance 
property, i.e., we will take into account the Weitzenbock connection T a p given by Eq. (10) 
in which A a p = A 1 a 7 (A 2 - 1 )T 5 (Ar 1 ) 5 (3 H5]. 

Using the regularization framework and calculating the necessary components, we finally 
get the superpotential 



f3r sin 9 
An 



{Ve 2T + l(v^ - 1) - e 2T - l} (p'r + (5 



a 



d9A 



(23) 



The total energy of (23) thus has the form 



E = Hq = R/3 {Ve 2T + 1(V2 - 1) - e 2T - l} (p'r + (3 - a) 



(24) 



From Eq. (24) we discuss the following: 

If T(R) = or T(R) = or T(R) = ^ etc., the value of the energy will have the form of 
Eq. (20) which is consistence with the previous results (pj Eq. (45) fl 

The non vanishing components needed to calculate the spatial momentum = 
a — 1, 2, 3 have the form 



H 3 = H 3 



/3/3 2 r(/3V + (3 — a) sin 9 sin (f> cos </>{! — sin 9 cos 9} — cos 2 (ft sin 2 



d9 A 



PPzr(P'r + - a) sin 9 



Aarr 

cos 9 cos d>(sin 9 cos 6—1) — cos 6 sin 6 sin 2 9 — cos 9 sin 9 



Aan 

PP2f{P'r + P — a) sin 2 9 (cos 9 cos 6 — sin 9 sin < 

4a7T 



d9 A d6, 



-d9 A d6. 



(25) 



Using Eqs. (25) in Eq. (11), we finally get the spatial momentum in the form 



P& = / # a 



0, d = 1,2,3. 



(26) 



f Quadratic terms like cim are neglected in this approximation. 
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§4. Main results and Discussion 



The main results of this paper are the following: 

• Of new local Lorentz transformation with an arbitrary function T(r) which maintain 
spherical symmetry is given by Eq. (16). The relation between this transformation and the 
transformation studied in [38J is given through Eq. (17). 

• The frame we have studied creates the same spacetime as the one derived in [3]. This 
spacetime is characterize by the gravitational mass m, the charge q and the asymptotic 
value of the dilaton <p . 

• We have calculated the energy of the frame (13) by using two procedures: 

(i) In the first procedure, we have taken the Riemannian connection only and we have shown 
that the energy may be divergent or not be of the well know form. We have explained how 
the form of energy depends on the asymptotic value of the arbitrary function T(R). When 
the arbitrary function T(R) is asymptotically smaller than then the form of energy 
may be divergent or not in agreement with the previous result ([39]. Eq. (45)). On the 
other hand, if T(R) is asymptotically greater or equal to -^72, the form of energy will be in 
agreement with the previous result [38] . 

(ii) When use is made of the covariant formulation of teleparallel gravity, which implies to 
take into account the pure gauge (or Weitzenbock) connection given in Eq. (10). Teleparallel 
gravity always yields the physically relevant result for the energy and momentum. 

• The second argument in the previous item is known as the regularization of the teleparal- 
lelism in which the covariant teleparallel approach always yields the physically correct result. 
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A comparison between the results of the arbitrary function T(r) which reproduces the 
dilaton spacetime and its energy using different translational momenta are given in the 
following table. 
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Table 1. Comparison between the results of the arbitrary function T(r) which keeps 
spherical symmetry and the other constants which create dilaton spacetime and its energy 

using different translational momenta 



Spacetime 


Arbitrary 
function T(r) 




The constant 

Cl 


Translational Momentum 


Energy & References 










Equation (11) with trivial 






T(r) = 0,q = 





ci = 


Weitzenbock connection, 


E = m, Eq. (20), 




in Eq. (13) 






i.e., r a p = 


Ref. [36] 










T — \ L- ' { "1 "1 \ *i_1 J_* * 1 

Equation (11) with trivial 




Schwarzschild 


T(r) ^ 0, q = 
m rL/q. (^loj 





Ci = m 


Weitzenbock connection, 
i.e., 1 /3 = U 


E^m, Eq. (21), 

"D„r loci 

ixel. [ooj 




T(r) 7^ 0, g = 


U 




Equation (11) with trivial 






in Eq. (13) 






Weitzenbock connection, 
i.e., i p — u 


E ^ m, 

F!n (91 \ 




T(V) if) o- 


n 




r,n nfifinri 1 1 1 1 wifn tioti 

iJU UdllUll 1111 VVlUll llwll 






in Eq. (13) 






trivial Weitzenbock connection, 
ie T a R 4 


E = m, 
Eq (24) 










FjOiirition (11 ) with trivial 






T(r) = 




ci = 

0n = 


Weitzenbock connection, 

i e Y a R = 
i.e., p v 


En (20) Ref [361 


Reissner- 








Equation (11) with trivial 




Nordstrom 


T(r) ^ 




ci = m 
0n = 


Weitzenbock connection, 
i.e., T a B = 


Ref. [36] 










Equation (11) with trivial 






T(r) ^ 




Cl 7^0 

0o = 


Weitzenbock connection, 
i.e., T a s = 


Eq. (20) 

1 V / 










Equation (11) with non trivial 






T(r) ^ 




Cl^O 

0o = 


Weitzenbock connection, 
i.e., T a B ^ 

7 pi 


Eq. (24) 










Equation (11) with trivial 


E = m ^- m \ 
Ref. [36] 




T(r) = 




ci = 
0o ^ 


Weitzenbock connection, 
i.e., F a p = 


Dilaton 








Equation (11) with trivial 




spacetime 


T(r) ^ 




Ci = m 

00 7^0 


Weitzenbock connection, 
i.e., r a p = 


E ? m , 
Ref. [36] 










Equation (11) with trivial 


E^m \ 
Eq. (21) 




T(r) ^ 




Cl^O 
00 7^0 


Weitzenbock connection, 
i.e., T a p = 










Equation (11) with non trivial 


£ = m ^-^-"^ 
Eq. (24) 




T(r) ^ 




ClT^O 
00 7^0 


Weitzenbock connection, 
i.e., F a p ^ 



9 



References 

[1] T. G. Clemson A. R. Liddle, Mon.Not.Roy.Astron.Soc. 395, 1585 (2009); T. Matos and 
F. S. Guzman Class. Quan. Grav. 17, L9 (2000). 

[2] G. Gibbons and K. Maeda, Nucl. Phys. B298, 741 (1988). 

[3] D. Garfinkle, G.T. Horowitz and A. Strominger, Phys. Rev. D43, 3140 (1991), Erratum 
Phys. Rev. D45, 3888 (1992). 

[4] D. Brill and G. Horowitz, Phys. Lett. B262, 437 (1991). 

[5] R. Gregory and J. A. Harvey, Phys. Rev. D47, 2411 (1993). 

[6] T. Koikawa and M. Yoshimura, Phys. Lett. B189, 29 (1987). 

[7] D. Boulware and S. Deser, Phys. Lett. B 175, 409 (1986). 

[8] M. Rakhmanov, Phys. Rev. D 50, 5155 (1994). 

[9] B. Harms and Y. Leblanc, Phys. Rev. D 46, 2334 (1992). 

[10] C. F. E. Holzhey and F. Wilczek, Nucl. Phys. B 380, 447 (1992). 

[11] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields (Pergamon Press, Ox- 
ford, 1980). 

[12] M. Dubois- Violette and J. Madore, Comm. Math. Phys. 108, 213 (1987); J. Frauendi- 
ener, Class. Quant. Grav. 6, L237 (1989); L. B. Szabados, Class. Quant. Grav. 9, 2521 
(1992). 

[13] R. Aldrovandi, L.C.T. Guillen, J.G. Pereira, and K. H. Vu, Bringing together gravity and 
the quanta, contribution to the Proceedings of the Albert Einstein Century International 
Conference, Paris, July 18-22, 2005; |gr-qc/0603122| 

[14] R. Aldrovandi, T. Gribl Lucas, and J.G. Pereira, Gravitational energy-momentum con- 
servation in teleparallel gravity. rarXiv:081 2.0034. 

[15] T. G. Lucas, Y. N. Obukhov and J.G. Pereira, Phys. Rev. D 80, 064043 (2009). 

[16] Y. N. Obukhov, J.G. Pereira and G. F. Rubilar, Class. Quant. Grav. 26 , 215014 (2009). 

[17] F. W. Hehl, in Proceedings of the 6th School of Cosmology and Gravitation on Spin, 
Torsion, Rotation and Supergravity, Erice, 1979, edited by P. G. Bergmann and V. de 
Sabbata (Plenum, New York, 1980); F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. 
Neeman, Phys. Rep. 258, 1 (1995). 

[18] K. Hayashi, Phys. Lett. 69B, 441 (1977); K. Hayashi and T. Shirafuji, Phys. Rev. D19, 
3524 (1979); Phys. Rev. D24, 3312 (1981); M. Blagojevic and M. Vasilic, Class. Quant. 
Grav. 5, 1241 (1988); T. Kawai, Phys. Rev. D62, 104014 (2000); T. Kawai, K. Shibata 
and I. Tanaka, Prog. Theor. Phys. 104, 505 (2000). 

[19] Y.M. Cho, Phys. Rev. D14, 2521 (1976). 



10 



[20] F. Gronwald, Int. J. Mod. Phys. D6, 263 (1997). 

[21] U. Muench, Uber teleparallele Gravitationstheorien, Diploma Thesis, University of 
Cologne (1997). 

[22] V.C. de Andrade and J.G. Pereira, Phys. Rev. D56, 4689 (1997). 

[23] R. Tresguerres, Int. J. Geom. Meth. Mod. Phys. 5, 905 (2008) . 

[24] Y. N. Obukhov and J.G. Pereira, Phys. Rev. D67, 044016 (2003). 

[25] Y. N. Obukhov and J.G. Pereira, Phys. Rev. D69, 128502 (2004). 

[26] Y. N. Obukhov, G.F. Rubilar and J.G. Pereira, Phys. Rev. D74, 104007 (2006). 

[27] D. Puetzfeld, An exact-plane fronted wave solution in metric-affine gravity, in: Exact 
solutions and scalar field in gravity: Recent Developments, eds. A. Macias, J. Cervantes- 
Cota, and C. Lammerzahl (Kluwer, Dordrecht, 2001) pp. 141-151. 

[28] A. Garcia, A. Macias, D. Puetzfeld and J. Socorro, Phys. Rev. D62, 044021 (2000). 

[29] A. D. King and D. Vassiliev, Class. Quantum Grav. 18, 2317 (2001). 

[30] V. Pasic and D. Vassiliev, Class. Quantum Grav. 22, 3961 (2005). 

[31] D. Vassiliev, Gen. Rel. Grav. 34, 1239 (2002). 

[32] D. Vassiliev, Ann. Phys. (Leipzig) 14, 231 (2005). 

[33] Y. N. Obukhov, Phys. Rev. D 73, 024025 (2006). 

[34] F. W. Hehl, J.D. McCrea, E.W. Mielke, and Y. Neeman, Phys. Rep. 258, 1 (1995). 



[35] Y. N. Obukhov, Int. J. Geom. Meth. Mod. Phys. 3, 95 (2006); gr-qc/0601090 

[36] T. Shirafuji, G.G.L. Nashed and K. Hayashi, Prog. Theor. Phys. 95, 665 (1996) 

[37] G.G.L. Nashed, Phys. Rev. D66, 064015 (2002). 

[38] G.G.L. Nashed and T. Shirafuji, Int. J. Mod. Phys. D16, 65 (2007). 

[39] G.G.L. Nashed, Eur. Phys. J. C54, 291 (2008). 



11 



